We discuss the possibility of localizing Einstein gravity on a three-brane embedded in a fivedimensional Minkowski space by giving a space-dependent mass to the graviton. We show that, with an overall fine tuning of the mass profile, it is possible to localize a massless graviton with a finite mass gap from the massive Kaluza-Klein modes. The theory does not contain ghosts and no scalar massless mode is sourced by brane matter. A massless vector mode is strongly coupled to the flux of energy-momentum into the extra dimension, so that it is not sourced as long as only brane-localized matter is considered. In the case where the mass profile has a delta-like shape the four-dimensional Planck mass M4 is related to the five-dimensional one, M5, by M 2 4 = M 3 5 /m0, where m0 is the mass of the first Kaluza-Klein mode of the graviton.
I. INTRODUCTION
There are well known field-theoretical mechanisms of localization of matter on a brane. One of the first brane models [1] was based on a mechanism of localization of fermion zero modes on a domain wall generated by a field coupled to fermions via a Yukawa coupling [2] . In that model fermions were getting an effective space dependent mass and a chiral zero mode was localized on the hypersurface where its effective five-dimensional mass vanishes.
Mechanisms analogous to that of [1] , generalized to scalar fields and gauge bosons, were reviewed in [3] . In all these cases an effective space-dependent mass was leading to localization of the lowest-lying mode near the local minimum of the effective mass 1 . It is more difficult to localize gravity on a brane. The most widely studied model that is able to accomplish this is the Randall-Sundrum model [5] , where a brane marks the fixed point of a Z 2 symmetry between two identical Anti-de Sitter bulk spaces. The bulk curvature accelerates away from the brane the gravitons whose momentum has a component normal to it. As a consequence the wave function of these massive Kaluza-Klein modes has small overlap with the brane, effectively leaving only the zero mode in interaction with brane matter. Another model leading to four dimensional gravity with a noncompact (and, in this case, flat) bulk is the DvaliGabadadze-Porrati (DGP) model [6] , where the graviton has a space-dependent normalization of the kinetic term that leads to a metastable zero mode on the brane.
In the present paper we discuss an alternative to the 1 In the case of gauge bosons the most natural way of generating such a mass is to give a space-dependent vacuum expectation value to a Higgs field. In this case, however, the four dimensional photon does not remain massless: the charge condensate off the brane screens charges on the brane, leading to a Yukawa-like four-dimensional interaction [3] . A way out is to consider a non abelian strongly coupled theory in the bulk that breaks down to an abelian massless gauge field on the brane [4] .
Randall-Sundrum and DGP models that is closer to the original ideas for localization discussed in [1] . We will consider a five-dimensional theory of massive gravity where the graviton lives in a flat space-time and has a mass m 2 = m 2 (w) that depends on the extra dimensional coordinate w in a non trivial way, so that a zero mode is localized on our four-dimensional Universe.
Such a construction requires a fine-tuning, as the function m 2 (w) has to be designed in such a way that a zero mode is supported. It is worth noting, however, that if the bulk graviton mass comes from some superpotential
2 , then the existence of a zero mode is guaranteed.
In order to lead to a zero mode, the mass profile of the graviton has to take negative values in some part of space. A constant negative mass of the graviton, however, is known to lead to a ghostlike degree of freedom (see, e.g., [8] ). Therefore one might worry that our construction leads to a localized, ghostlike instability (see [9] for a related discussion in the case of abelian gauge fields). We show that such a worry is not justified in our setting. In fact, a ghost-like degree of freedom with (imaginary) mass m needs a region of size ℓ |m| −1 to develop its instability. The very requirement that the four-dimensional effective theory contains a zero mode and no tachyonic modes leads precisely to the constraint ℓ ≪ |m| −1 , and no ghost mode is allowed. A related issue is the possible presence of strongly coupled modes. Our construction displays such a mode, a vector that however couples only to matter with a nonvanishing flow of energy-momentum towards the extra dimension. In the regime we are interested in, where matter stays localized on the brane, this mode is not sourced and is harmless.
As we will see, the scalar, vector and tensor components of the five-dimensional graviton obey different equations of motion. We will be able to find explicit solutions in the case where the mass profile has the shape of a square well. In particular, we will show explicitly that, for appropriate choices of the function m 2 (w), the four dimensional effective theory contains a zero mode for the graviton and a finite mass gap, showing that our model, for sufficiently large values of the scale that controls the bulk graviton mass, is compatible with four-dimensional massless gravity.
The construction of brane models is usually complicated by the existence of the dilaton, the fourdimensional scalar component of the five-dimensional graviton. If such a mode is massless and coupled with gravitational strength to the brane stress-energy tensor, it induces a deflection of light that is in disagreement with observations. Usually the dilaton is made massive in order to satisfy phenomenological constraints. In our system, as we will see, such a massless mode does not couple to conserved brane matter and has no observable effect. Therefore, in this regard, our model is phenomenologically safe.
To our knowledge, this is the first work where the Kaluza-Klein decomposition of a massive graviton with a nontrivial, five-dimensional mass profile with finite thickness is analyzed. A similar analysis has been performed, in the limit of a δ-like mass profile and in the context of a compact and curved extra dimension, in [7] . The focus of our work is different from that of [7] , as the main question we are asking concerns the possibility of localizing gravity in non compact five-dimensional Minkowski space. Our results agree with those of [7] , where applicable.
The plan of our work is the following. In section II we write down the linearized equations of motion of the five-dimensional massive graviton, we decompose the graviton into four-dimensional scalar, vector and tensor modes, and we write the equations of motion for those modes separately. In section III we write the fourdimensional effective action for the system, including the couplings of the Kaluza-Klein modes of tensors, vectors and scalars to matter. In section IV we derive explicitly the expression of the profiles of the five-dimensional wave functions in the case where the mass m 2 (w) takes the form of a square well. Section V deals with the special case of massive scalar modes in the square-well mass profile, that need a separate treatment. In section VI we consider the limit where the square-well mass profile is approximated by a Dirac δ-function, and we compute the four-dimensional Planck scale as a function of the parameters of the five-dimensional theory. Section VII contains our conclusions and the discussion of future directions.
II. PERTURBATIONS AROUND FLAT SPACE AND GRAVITON DECOMPOSITION
In order to study the possibility of localizing graviton fluctuations on a three-brane in a five-dimensional Minkowski bulk we will focus on the Pauli-Fierz Lagrangian where the mass m 2 (w) of the graviton depends on the extra coordinate w. By expanding around flat space g AB = η AB + h AB , our equations of motion are
where G L AB refers to the linearized Einstein tensor and M L AB is the tensor resulting from varying the Pauli-Fierz
We next decompose the graviton field into modes that transform as tensors, vectors and scalars 2 under SO(3, 1)
where greek indices run over 0, 1, 2, 3 and where
where a prime denotes derivative with respect to the extra dimensional coordinate w, represents the four dimensional d'Alembert operator, and where
Note that the mass term breaks invariance under diffeomorphisms. In its absence, gauge invariant variables would be given by γ αβ , B α , ψ and Φ. Due to the transformation properties of each mode, the equations of motion decouple into three sectors: tensor, vector and scalar.
A. Tensors
The equation for the tensor mode, which is to be interpreted as the four-dimensional graviton, reads
The equation is separable, so that we write
where
with (µ γ n ) 2 a separation constant.
B. Vectors
There are two coupled equations for the vector modes
By introducing the combination B α ≡ B α + E ′ α (i.e., the degree of freedom that would be gauge invariant in the massless theory), we can write the equations of motion as
The equation for B α is separable, so we can write its solutions as
where f (n)
B satisfies the ordinary differential equation
Note that the vector and the tensor modes satisfy different equations of motion, and, as a consequence, they generally have different mass spectra µ B n = µ γ n .
C. Scalars
There are four equations for the scalar modes
that can be reduced to a single equation if we introduce the scalar degree of freedom s that is related to ψ, φ, E and B via
The field s satisfies the equation
that turns out to be separable. To see this, let us write
We divide by s and 1 − 3/4m 2 ′′ to find
so that eq. (15) is separable, which allows us to decompose
where f (n) s satisfies the ordinary differential equation
III. THE 4D EFFECTIVE ACTION
In this section we will first compute the free fourdimensional action for the Kaluza-Klein modes of the graviton, and then we will discuss the couplings of the various modes to matter.
A. The free action
The quadratic action reads
The actions for different modes decouple as expected. Integrating over w yields the 4D effective action for tensors
In the case of vectors, after using the equations of motion the action reads
where we have used the fact that the eigenfunctions f
are orthogonal with respect to the measure m(w) −2 and we have normalized them according to:
Note in particular the coefficient (µ B n ) 2 in front of the action of the n-th vector mode, that suggests that tachyon modes are actually ghostlike in our system. This is the four-dimensional counterpart of the fact that a tachyonic massive graviton is ghostlike in the full five-dimensional theory (see for instance [8] ). The action (22) shows that, even if the mass profile m 2 (w) is negative in some region of space, the theory does not contain ghostlike instabilities as long as there are no tachyon modes in the fourdimensional theory. It also shows that massless modes have a vanishing kinetic term, raising the worry that they might couple strongly to matter. We will discuss this issue in section III B., where we will see that as long as there is no flow of energy-momentum into the extra dimension the vector modes are not sourced.
The full action for the scalars reads
By using the scalar equation of motion it is possible to write the free action solely in terms of ψ
Trading ψ for s, and introducing the Kaluza-Klein decomposition for s, the action can be written as
and it is possible to show that the functions f Therefore we can set
so that
Note that we must make sure that the function f m −2 ′′ is not positive everywhere, one should check that the integral appearing in eq. (27) is actually positive if we want to avoid ghost modes. This turns out to be the case for a specific mass profile m 2 (w) that we will consider below.
B. Coupling to matter
The part of action describing the interaction with matter reads
where T AB is the energy-momentum tensor which we assume to be factorizable
In case of matter localized on a singular brane, T (w) = δ(w) and T µw = T ww = 0. We now decompose the energy-momentum tensor as follows
. Stress-energy conservations leads to the following identities:
so that in the limit of a δ-like brane, p = t B = t B µ = 0, one has t E µ = 0 and T s = t E . Integrating over the extra dimension, we find the 4D interaction terms
where we used the conservation of the energy-momentum tensor and where we have defined
The scalar interaction term reads
where once again we used Eq. (33). In particular, in the limit of a δ-like brane the coupling to matter reduces to
that, together with eq. (26), gives the important result that the zero mode of the scalars decouples completely from the action, making the theory phenomenologically safe for what concerns the constraints from light bending. Moreover, also the zero mode of the vectorB α decouples in this regime, so that, at least at the linearized level and in the absence of flow of matter along the fifth dimension, there are no concerns of strong coupling even if the kinetic term of the zero mode ofB α is vanishing.
IV. AN EXACTLY SOLVABLE MASS PROFILE: THE SQUARE WELL
In this section, we solve the Schrödinger-like equations for a thick brane with a square-well shape of width 2 w 0 :
where we will determine the relation between m 0 , m 1 and w 0 by demanding the existence of a zero mode and no tachyons.
A. Tensors
The equation for the tensor mode is the standard Schrödinger equation for a particle in a square well. For the case at hand, bound states exist as long as −m 
Matching the solution and its first derivative at w 0 yields a transcendental equation for the eigenvalues
The condition for the existence of a zero mode imposes
and the condition that there is only one bound, massless, parity-even state 4 (that implies, in particular, the 4 We will assume that the matter distribution along the extra dimension is even under w ↔ −w, so that graviton modes that are odd under w ↔ −w do not couple to matter and can be disregarded.
absence of tachyons) yields the inequality
On the top of the isolated zero mode discussed above, the four-dimensional effective theory then displays a continuum of massive modes with µ 2 > m 2 0 . Focusing on the even-parity solutions, we get
where α is a phase to be determined from the matching conditions
where κ ′ ≡ µ 2 − m 2 0 .
B. Vectors
In the case of vectors, it is convenient to solve the original system of equations (9) . In terms of the variable
that are solved for µ 2 < m
where k and κ are defined in eq. (41) and where c o and c i are integration constants. Notice that we focus only on the situation where f B (w) is odd and f E (w) is even under w ↔ −w, since the in the opposite case the graviton modes do not couple to brane matter that even under w ↔ −w. Inspection of eqs. (48) shows that both f B (w) and f E (w) must be continuous when w crosses w 0 , implying the following condition on the parameter µ:
that in general leads to a mass spectrum that is different from that of tensors. Once the condition (44) for the existence of a tensor zero mode µ = 0 is imposed, also the vectors will have a zero mode. For m 1 w 0 sufficiently smaller than unity (that corresponds to the regime where also condition (45) is satisfied), one can see that actually only the zero mode will be allowed in the entire range −m 2 1 < µ 2 < m 2 0 . In particular, this implies that no tachyons (and therefore no ghosts, as we have discussed in section III A. above) will be allowed.
For µ 2 > m 2 0 the solutions to eqs. (48), with f E even with respect to w → −w are given by
where d i , d o and α are integration constants. By imposing continuity of f E and of f B at |w| = w 0 we obtain the following expression for α
C. Scalars
In the case of scalars the derivation of the profile of the zero mode is straightforward and we will present it here. The analysis of the massive modes is more elaborate, and we will defer it to the next section.
Once we set µ
which is the same as the equation for the zero mode of the tensor, so it has the same solution (40). In terms of the variables appearing in the metric perturbation, this leads to
where f γ µ=0 (w) is obtained by setting µ = 0 in eq. (40) and whereĒ x λ satisfies Ē x λ = 0. As one can see from the analysis of section III, the zero mode E, even if it is non vanishing, does not contribute to the four dimensional effective action. As a consequence our model does not display any physical massless scalar degree of freedom.
V. MASSIVE SCALAR MODES
In order to discuss the existence of massive scalar modes we need to consider a regularized version of the mass profile m 2 (w). In fact the function (m −2 (w)) ′′ is ill-defined if m 2 (w) contains step functions as it does in eq. (39). We will therefore consider the following regularized mass profile for the scalar modes
where we will be interested in the limit of Λ → ∞, where we recover the square well profile (39). At the point w = w 0 , (m −2 ) ′′ diverges as (w − w 0 ) −3 , corresponding to an essential singularity in the equation for f s . As a consequence we treat the problems with |w| > w 0 and |w| < w 0 separately.
Let us start with |w| > w 0 and let us choose w > w 0 (an analogous discussion will apply to the case w < −w 0 ). In this region we have
Let us first focus on the regime µ 2 < m 
In the region with w 0 < |w| < w 0 +
with 0 <w < µ 2 (< −1) <w < 0 for µ 2 < 0. In the limit Λ → ∞ the term in µ 6 /Λ 6 is negligible. For µ 2 > 0, the normalizable solution to the resulting equation
where K 1 is the Bessel function of imaginary argument. Finally, we need to match the δ-like part of the Schrödinger equation that comes from the last term of eq. (56). This is obtained by imposing
that gives, after requiring continuity of f s at w = w 0 + m 2 0
that for Λ → ∞ reduces to the equation
with Ξ = 6 µ 2 /m 2 0 , that has no root in the range 0 < µ 2 < m 2 0 , as one can check numerically.
In the case µ 2 < 0 the variablew takes negative values, and the solution to eq. (58) reads 
Since the measure according to which f s should be square-normalizable is 1 − A very similar analysis can be performed in the region |w| < w 0 , focusing only on the solutions that are even under w → −w (that are those that will couple to parity-even brane matter). There are two main differences. First, µ 2 > 0 corresponds in this case tow < 0. As a consequence, by applying the argument used in the region |w| > w 0 , µ 2 < 0, we see immediately that there are no normalizable solutions for any µ 2 > 0 in the region |w| < w 0 . For what concerns solutions with −m 2 1 < µ 2 < 0, a discussion analogous to the one of the case µ 2 > 0, |w| > w 0 above leads to the result that the eigenvalue µ 2 must satisfy the equation
that has no solution in the region −1 < µ 2 /m 2 1 < 0. We therefore conclude that eq. (19) does not admit any normalizable solution for −m . By virtue of the above analysis, such solutions are confined to the region |w| > w 0 and we find
where all the variables are defined as before and α is an arbitrary phase to be determined by the matching conditions which yield
that in the limit Λ → ∞ gives α = π/2 − κ ′ w 0 , so that the solution, for µ 2 > m 2 0 , reads simply
We note here that in [7] it was concluded that no massive excitations of the scalar mode are allowed. Even if the situation is different in our case, where massive modes are allowed, our result does not contradict that of [7] , since the system considered in that work was compact, and therefore one had to satisfy boundary conditions at the two boundaries of the Randall-Sundrum brane, whereas in our case we are considering mode functions that have a fixed boundary condition only at the location of the brane, while at infinity we have plane waves.
VI. A SPECIAL CASE: δ-LIKE MASS PROFILE AND THE FOUR-DIMENSIONAL PLANCK MASS
In this section we consider the limit of a δ-like mass profile Let us now review the expressions of the (normalized) mode functions in this regime.
Tensors
The zero mode is given by
whereas the massive modes are given by
and are normalized according to dw f
Vectors
The canonically normalized zero mode is given by 
where, by imposing continuity of f E and of f B at |w| = w 0 we obtain that tan α = − µ 2 /m 2 0 − 1.
Scalars
As we seen above there are no massless physical scalars in the spectrum. The wave function of the massive scalars vanishes at w = w 0 → 0, as shown by eq. (66). Therefore these modes do not couple to matter, and we can ignore their effect.
A. Newton's constant
As we has seen above, for matter localized on a δ-like brane only the tensors γ µν are sourced. As a consequence we can read the four-dimensional effective fourdimensional Planck mass M 4 by computing the coupling between the canonically normalized zero mode of the tensors and the brane stress-energy tensor. If γ 
Using the results from section III, we find that the zero mode of γ µν is related by the canonically normalized graviton by γ 
VII. CONCLUSIONS AND DISCUSSION
In this paper we have investigated the possibility of localizing gravity on a 3-brane in an infinite fivedimensional Minkowski background. Our construction relied on endowing the mass of the five-dimensional graviton with a non-trivial profile in the extra dimension. At the linearized level, we found that our model is phenomenologically viable. A fine-tuning of the mass profile parameters is required to support a zero mode of the fourdimensional graviton. By using a square well mass profile as an explicit example, we have been able to compute the mode functions for the tensor, vector, and scalar modes of the four-dimensional graviton. The main non-trivial features of our model are (1) conserved matter on the brane does not couple to the scalar sector zero mode, (2) there are no ghost modes as long as the four-dimensional theory does not present tachyonic modes and (3) there is a potentially strongly coupled mode, the zero mode of the vector, that is however not sourced as long as matter does not leak into the extra dimension. For a δ-like mass profile for the graviton, we have computed the fourdimensional Planck mass as a function of the parameters of the five-dimensional theory.
Several questions are left open. First, one might ask whether there is some version of the theory for which the existence of a zero mode is guaranteed by some symmetry. One additional question concerns the fate of the zero vector mode. Does it get a kinetic term at the nonlinear level? Does it lead to a ghostlike excitation? Finally, it would be interesting to study the cosmology of this model. Of course, we expect it to be the standard one as long as the Hubble parameter is much smaller than the mass of the first KK mode of the graviton. However, it would be interesting to know what happens at higher energies. While for the analysis presented in this work only the linearized Lagrangian of massive gravity around five-dimensional Minkowski space was necessary, we will need a full nonlinear Lagrangian of massive gravity such as that of [11] (see also [12] ), or some of its extensionssuch at the quasidilaton model of [13] -to study, along the lines of e.g. [14] , the cosmology of the system at the level of the full Einstein equations.
